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Abstract 



We introduce the orthosymplectic superalgebra osp{m\2n) as the algebra of Killing vector fields 
on Riemannian superspace R™'^" which stabilize the origin. The Laplace operator and norm squared 
^ ' on R™'''^", which generate sb, are orthosymplectically invariant, therefore we obtain the Howe dual 

pair (osp(m|2n),s[2). We study the osp(m|2n)-representation structure of the kernel of the Laplace 
operator. This also yields the decomposition of the supersymmetric tensor powers of the fundamental 
cisp(m|2n)-representation under the action of sb x osp(m|2n). As a side result we obtain information 
^ ■ about the irreducible osp(m|2n)-representations i^'p".. gj. In particular we find branching rules with 

[~«^ I respect to osp(m — l|2n). We also prove that integration over the supersphere is uniquely defined by 

■ its orthosymplectic invariance. 
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1 Introduction 



, In recent work, we have been developing a new approach to the study of supergeometry, by means of 

^ ■ harmonic analysis, see e.g. [51 [HI UHl US] and references therein. We consider flat superspace R™l^" 

5^ , generated by m commuting or bosonic variables and 2n anti-commuting or fermionic variables. The 

main feature of this approach is the introduction of a super Laplace operator and a super norm 
squared R^. These generate the Lie algebra 5I2 and are invariant under the action of the product of the 
orthogonal and the symplectic group 0{m) x Sp{2n). This leads to the pair (so(m) sp(2ri), sb), which 
has been studied in jl3j . as a generalization of the Howe dual pair (so(m),s[2) for harmonic analysis on 
M™, see [TB]. However, this pair does not satisfy the requirements to be an actual Howe dual pair. This 
manifests itself in several ways that are listed at the beginning of Section [3l In short, there are too many 
invariant functions and linear maps on M™!^" and the spaces of spherical harmonics (i.e. polynomial null- 
solutions of of a fixed degree) are not irreducible so(m)®sp(2n)-representations. This implies that the 
polynomials do not have a multiplicity free decomposition into irreducible pieces under the joint action of 
the dual pair, which is a fundamental property of Howe dual pairs, see [51 [T51 [55] . A similar situation 
occurs in the theory of Dunkl operators, with pair {G,sl2) where G < 0{m) is a Coxeter group, see 
e-g- [II]- These problems will be solved by considering the orthosymplectic superalgebra osp(m 1 2n). The 
formalism of harmonic analysis will prove to be very useful, although many of the problems can be posed in 
a purely representation-theoretical way. The space of polynomials on R™l^", denoted by corresponds to 
the supersymmetric tensor powers of the fundamental osp(m|2n)-representation V — ^™'g".. Hence 
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V = T{V) = ®^ ■^ith V the m|2n-dinicnsional super vectorspace. One of the main results 

of this paper is therefore a complete decomposition of this osp(r7i|2rt)-representation with the help of 
the sb-realization mentioned above. In particular the spherical harmonics correspond to the traceless 
supersymmetric tensors. In the completely reducible case this is also the Cartan product inside (Q^V . In 
the other cases the traceless supersymmetric tensors turn out to still correspond to the representation 
generated by the vector of highest weight inside even though this representation is not irreducible. 
This can be seen as a generalized notion of Cartan product. The full tensor powers €5'^i™'g".. g-, were 
the object of study in [2- 

In classical harmonic analysis, the orthogonal group 0(m) corresponds to the group of isometrics 
of M™ which stabilize the origin, hence so(m) corresponds to the Killing vector fields which stabilize 
the origin. We use the definition in [T7] of the superalgebra of Killing vector fields on a Riemannian 
supermanifold. By doing so we obtain the Lie superalgebra osp(m|2n) as the algebra to consider on 
gm|2n Sijice the generators of 5(2 are osp(m|2n)-invariant we obtain the dual pair (osp(m|2n),s[2). 
Because this dual pair solves the above-mentioned problems, it is the correct Howe dual pair for super 
harmonic analysis on R™l^". The bigger algebra in which osp(m|2n) and are each other's centralizers 
is 05p(4n|2m). A more general theory of Howe dual pairs with orthosymplectic algebras can be found in 

[3 Ell EH [26]. 

We prove that the integration over the supersphere as introduced in [T31 [5] is orthosymplectically 
invariant, which yields a nice unique characterization in Theorem 14.11 The explicit expression for an 
invariant integration over the supersphere is important for the generalization of field theories on the 
sphere to superspace, see e.g. [531 ES] and for the theory of invariant integration on supergroups, see e.g. 
[H [121 El]- This integration can also naturally be defined over the supersphere manifold g'"-!!^"^ which 
can be imbedded in flat superspace as will be done in forthcoming work. The existence and unicity of 
the integral in that approach can be deduced from the general theory in . 

In [28] it was proved that the spaces of spherical harmonics Hk ~ T'fenKerA of fixed degree k on R'"!^" 
are irreducible osp(m|2n)-modules if to — 2n > 2. In Theorem lS.ll we prove that this result is still valid as 
long as TO — 2?! ^ — 2N holds. This gives a multiplicity free irreducible direct sum decomposition for the 
supersymmetric tensor space T{y) under the action of s[2 x osp(TO|2n), with V = ^(10".. 0) natural 
representation space for osp(to|27i). This multiplicity free decomposition has the additional property 
that each s[2-representation is paired up with exactly one osp(TO|2n)-representation. This implies that 
(osp(to|2?i),sI2) is a Howe dual pair for T{V) = V ii m — 2n ^ — 2N. The results of this realization of the 
Howe duality are summarized in Theorem l5.4l Also the osp(TO|2n)-representations of spherical harmonics 
for the cases m — 2nG —2N are studied. They are always indecomposable, but the irreducibility depends 
on the degree k of the spherical harmonics Jik- The results are summarized in Theorem 15. 11 Equation 
and (HI]) and Theorem [HJ 

Using all these results we obtain polynomial realizations of the simple osp(TO|2n)-module ^("^'0".. 0) 
with highest weight (fc, O,--- ,0) for all values of {m,n,k) S N'^. This completes the construction of 
^(fc'o" - 0) tracefree supersymmetric part of tensor products of L"^ g" gj in [2 by including the 

cases TO — 2n e — 2N in Theorem 16.11 As a side result this gives the dimension of the representation 
L^'g" g^ and the decomposition into irreducible representations as an so(to) © sp(2n)-representation. 
This information is nontrivial since the representations are almost all atypical, see e.g. [20j. We also 
obtain the branching rules for L^'g" g^ as an osp(to — l|2n)-module in Theorem 16.21 

The paper is organized as follows. First a short introduction to harmonic analysis on superspace 
is given. The algebra of Killing vector fields on R'"!^"' which stabilize the origin is calculated to be 
osp(TO|2n). Next, we show that the introduction of the Howe dual pair (osp(to|27i), s[2) solves the three 
problems of the dual pair {SO{m) x Sp{2n),sl2)- In particular the unicity of the supersphere integral as 
an orthosymplectically invariant functional is proved. Then, the osp(TO|2n)-representations of spherical 
harmonics and polynomials on the supersphere are studied which leads to a realization of the Howe 
duality x osp(TO|2rt) C osp(4n|2TO). Finally, the theory of spherical harmonics is used to obtain new 
information on the irreducible representations i7^'g".. g-,. 
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2 Preliminaries 



2.1 Harmonic analysis on Euclidean space 

We consider the Euclidean space R™ with m variables x_ — (xi,--- ,Xm). The standard orthogonal 
metric leads to the differential operators — X^Jli (^x^i = ~ ^^jt^ajj acting on 

functions on M™. The operators — and E;, + m/2 generate the Lie algebra 5\.2- Since they are 
invariant under the action of the orthogonal group 0{m) we obtain the Howe dual pair (soijn), 5I2), see 
[18] . This duality is captured in the Fischer decomposition of the space of polynomials 

00 00 

with V.^ the polynomial null-solutions of homogeneous of degree k. The blocks r'^-''H\ correspond to 
irreducible subrepresentations of the so(TO)-representation on WyXi, ■ ■ ■ , Xm]- The isotypic components, 
which are the spaces ]R[r^]?^^ = ®jlo^^"'^fe irreducible lowest weight modules for sb, with low- 
est weight k + m/2 and weight vectors r'^-''H\- This implies that M\xi, ■ ■ ■ ^Xm] has a multiplicity free 
irreducible direct sum decomposition under the action of 5(2 x so(m). 

The integral /g„_i, represents integration over the unit the sphere and is the unique linear functional 

on C°°(K™) which is so(TO)-invariant, satisfies /g™_i 1 = cTm = Y('m'/2) ^^'^ 

I (r2-l)/ = for aU / e C°°(M"). 

Note that we omit the measure da on the sphere in this notation. The reason is that we see the unit 
sphere integration as an invariant functional on the space of functions on M™ rather that integration over 
the manifold S™"""^ with an invariant measure. This approach will allow us to introduce the supersphere 
integral in a short efficient manner, without considering the details of the supersphere manifold. 



2.2 Harmonic analysis on superspace 

We repeat some results on the theory of harmonic analysis on the flat supermanifold R™l^" = (M™, ® 
A2„), as developed in [8l [H [13]. The main object is the algebra of sections of the sheaf, which is 
the superalgebra (Z2-graded algebra) of superfunctions ©(M™!^") = C°°(M™) ® A2„, where A2„ is the 
Grassmann algebra generated by 2n anti-commuting variables, denoted by Xi. The supervector x is 
defined as 



[Xi, ■ ■ ■ ,Xm+2n) = {x,X) = (a^i 



,X2n)- 



The commutation relations for the Grassmann algebra and the bosonic variables are captured in the 
relation X,Xj = (-l)[*l[jlXjXi with \i] = ii i < m and \i] = 1 otherwise. Elements of 0(M™|2") or A2„ 
that consist of terms that are the product of an even amount of generators of A2ra are called even and we 
use the notation |/| = 0, for such functions. Odd functions are defined likewise and then |/| = 1 holds. 

The orthosymplectic metric g on M™!^" is defined as g £ R(™-H2«)x(m-i-2«) 



with J2n € R2"X2n gj^g^^ ^-^ 



'2n 
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Define — Xig'^K The square of the 'radial coordinate' is given by 

m+2n m n 

i?2 = (x, x> = ^ X^Xj = ^ - 51 ^^1-^^^] = + 

The partial derivatives are denoted by Vj — dxi ■ The raising of indices is given by V-' — ig^-' , 

which imphes V-^' = {-~l)'^'^dx^- The super Laplace operator is given by 

m+2n n 

The super Euler operator is defined as E = YlT=i ^i^^i + Sj=i a^j^af^ = Eb + E/. The operators — 
i?^/2 and E + Af/2, with M = m — 2n, again generate the Lie algebra 5(2, see [T5] : 

[vV2,i?V2] = E + Af/2, 
[vV2,E + M/2] = 2VV2 and (3) 
[R'^/2,E + M/2] = -2R^/2. 

Since the parameter M appears where in classical harmonic analysis the dimension appears, we call 
M — 2n the superdimension. The main new feature is that this value can be negative, which implies 
that the diagonal element of 5I2 can have negative eigenvalues in this realization. 
The space of super polynomials is defined as 

V = R[XI,--- ,X,n]^A2n C O (M™!^" ) = C°° (M™ ) A2„ . 

The homogeneous polynomials of degree k are the elements P G V which satisfy EP = kP. The corre- 
sponding space is denoted by Vk- The null-solutions of the super Laplace operator are called harmonic 
superfunctions. The space of the spherical harmonics of degree k is denoted by Hk — Vk ker V^. In 
the purely fermionic case m = we use the notation Til- The Fischer decomposition holds in superspace 
when the superdimension is not even and negative or in the purely fermionic case, see jl3j . 

Lemma 2.1 (Fischer decomposition). If M = m — 2n ^ ~2N, V decomposes as 

oo oo CXj 

^ = 0^'= = 00^'^'^fc- (4) 

In case m — Q, the decomposition is given by A2„ = ®I-=o (®J=o ^^"'^fc 
If m ^ 0, the dimension oiT-Lk is given by 

,. ^, ^ /2n\ /fc — « 4- TO — 1\ ^v^' ^ f 2n\ f k - i + m - 3\ 

^-^'^ - g [^)[ TO-1 g [^)[ m-1 j' 

see [13]. 

The matrix Lie group 0{m) x Sp{2n) consists of all matrices S £ ^{rn+2n) x {m+2n) satisfying 

(5-x,5.x) = (x,x), (6) 



which is equivalent with S gS = g. Each such matrix S" is a block matrix S = 



A 


^ 





B ^ 



with 



A e M™x™ satisfying A^ A = /„ and B e M^'^^^n satisfying B^JB = J. The matrix J is given in 
Equation The action of 0(to) x Sp{2n) on C°°(M™) (g) A2„ is given by 

(5,/(x))^/(5-i.x) 
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such that {S ■ x.)j = X^JLi " SjkXk- 

Since R^, and E + M/2 generate sl2 and are 0{m) x S'p(2n)-invariant, we obtain the dual pair 
(so(to) © sp(2n),sl2). This is again closely related to the Fischer decomposition Q for M ^ — 2N or 
rn = 0. The blocks R^^Hk are irreducible lowest weight s[2-i'epresentations with weig ht vectors R'^^k 
and lowest weight k + M/2. The weight vectors R^^Hk are SO{m) x S'p(2n)-representations. However, 
in full superspace (m 7^ 7^ n), these representations are not irreducible. This also implies that V does 
not correspond to a multiplicity free irreducible direct sum decomposition for SI2 x (so(to) ® sp(2n)). 

In [13] the so(m) © sp(2n)-module 'H/c was decomposed into simple modules. First, the following 
polynomials need to be introduced. 

Lemma 2.2. //O < q < n and < fc < n—q, there exists a homogeneous polynomial fk.p.q = fk,p,q{i~'^ , d^) 
(unique up to a multiplicative constant) of degree 2k such that fk,p,qT~L^®'H^q 7^ and A{fk,p,qHp(^T-l^) = 
0. This polynomial is given explicitly by 

^ .2k^2sa2s {n-q-s)\ T{^+P + k) 



fk,p^q = > a,y^~''e'' with 



s=0 



r{f+p + k-s) {n-q-ky. 



In particular, we find fo,p,q = 1- Using these polynomials we can obtain a full decomposition of the 
space of spherical harmonics of degree fc. 

Theorem 2.1 (Decomposition of Hk)- Under the action of so (m) ®sp(2n) the space 7ik decomposes as 

min(n,fe) inin(n-j, [-^i^J ) 
j=0 1=0 



with fi_k-2i~j,j the polynomials determined in Lemma[ 

The corresponding projection operators are given in |13| . 

k * / ^ X min (n,k) . , ^ ^ x 

Ofc ^ n ALB.b + ^(m-2 + z) ALa./+j(-277 - 2 + j) 

^'"'^ (^-fc + 2r + s)(fc + ^-2r-s + m-2) (7 - + s - 2n - 2) ' ^' 

with /S.LB,b and Alb./ as defined in Equation ^ or ((T(I| for the cases n — Q and m — 0. They satisfy 

(/^fe-2;-,.,Ht2i-, ® - 6rl5s,fLk-2l-,M~2l^,®'^i- 

In case m 7^ 0, the supersphere is algebraically defined by the relation R^ = 1. The integration over 
the supersphere was introduced in [13 for polynomials and generalized to a broader class of functions in 
[51 . The uniqueness of this integral was also proved in [T31 [5] • 

Theorem 2.2. When m 7^ 0, the unique (up to a multiplicative constant) linear functional T : — > C 
satisfying the following properties for all /(x) G V : 

. T(i?2/(x)) = r(/(x)) 

• T{f{S ■ x)) = T{f{x)), for all S G SO{m) x Sp{2n) 
, k^l =^ T{'HkHi)=Q 
is given by the Pizzetti integral 

i.-,./W-g 2^^fc!F(fc + M/2) (^"^)(») 
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In the purely bosonic case, the third condition is not necessary for uniqueness, contrary to the fuU 
superspace case. 

The Berezin integral is the translation invariant linear functional on the Grassmann algebra, 

/ = 7r""a:^2„ ■ • • . 

J B 

The orthosymplectic superalgebra osp(m|2n) can be generated by the following differential operators 
on R"|2": 

= - (8) 

for 1 < i < j < m + 2n, see O [28]. The super Lie bracket is realized by the graded commutator 
[L,j,Lki] = L.jLki - (-l)(W+[-'I)(['=l+f'l)Lfc/Lij. The Laplace-Beltrami operator is defined as 

Alb = i?2v2-E(A/-2 + E). (9) 

This is a Casimir operator of 05p{m\2n) of degree 2 and can be expressed as (see [TO] ) 

Alb = -2 E L,j9''9"'Lki. (10) 

i,j,k,l — l 

This also corresponds to a quadratic Casimir operator for the 5(2-reahzation, as can be seen from equation 

3 The orthosymplectic superalgebra as Killing vector fields 

The pair (so(m) ® sp(2n),s[2) on R'"!^" introduced above does not satisfy the requirements to be an 
actual Howe dual pair. This can be expressed in the following remarks: 

• PI: The weight vectors R^^Hk of 5(2 in the Fischer decomposition (|4]) are not irreducible so(m) ® 
sp(2n) representations, see Theorem 12.11 As a consequence the polynomials do not have a multi- 
plicity free decomposition into irreducible pieces under the joint action SI2 x (so(m) 0sp(2n)). 

• P2: The only polynomials invariant under the action of the dual partner of ^[2 should be generated 
by the polynomial in the s[2-algebra realization, R^. However, all the elements of the commutative 
algebra generated by and are 5o{m) © sp(2ri)-invariant. 

• P3: The supersphere integration is not uniquely determined by the so(m) ® sp(2n)-invariance and 
the modulo R^ — 1 property, see Theorem 12.21 

These problems will be solved by introducing the orthosymplectic superalgebra osp{m\2n). Since the 
Laplace operator and R^ commute with the osp(m|2ri)-action this will prove that the pair (osp(m|2n),s[2) 
is a true Howe dual pair for harmonic analysis on R™l^". Problem P2 was solved in Theorem 3 of [9|, which 
implies that the only osp(m|2n)-invariant polynomials on M™!^" are in fact given by Span{i?^''|j e N}. 
The solutions to PI and P3 are given in Theorem 15. II and Theorem 14. 1 1 respectively The mathematical 
motivation to consider the orthosymplectic superalgebra is given in the subsequent Theorem 13. II 

The orthogonal group is the matrix group which corresponds to the case n = in Equation (jS]). This 
group can also be characterized as the group of isometrics of M™ which stabilize the origin, therefore, the 
Lie algebra of Killing vector fields which stabilize the origin is isomorphic to so{m). In ^17; the isometry 
supergroup of a Riemannian supermanifold was defined. We only use the Lie superalgebra component of 
this definition. 

We consider the flat supermanifold M™l^" with space of vector fields DerO{W^^^") given by the left 
0(M'"|2")-module with basis {dxi,--- ,8x^+2^}- The metric (•, •) : L>erC'(M™|2«) x DerOiM."'^^") 
©(R'"!^") is defined by 

(/V.IW'^) = (-i)i''t[^"i5^^A 
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for f,h€ ©(R™!^") and the partial derivatives Vj and V-' as defined in Subsection l2.2l This also implies 
(V'|V'^') = g'^', with g the metric in Equation ([T|). The Lie superalgebra of graded Killing vector fields is 
generated by all homogeneous vector fields F such that 

F{Y\Z) = {[F,Y]\Z) + {-ir\\^\{Y\[F,Z]) (11) 

holds for all homogeneous vector fields Y, Z £ DerO{R"^^^"-). 

Theorem 3.1. The Killing vector fields on the Riemannian superspace are given by the action of 

osp(m|2n) on R™!^" in Equation ([5]) and the partial derivatives dxi ■ The algebra of Killing vector fields 
which stabilize the origin is therefore osp{m\2n). 

Proof. We consider condition dTTI) for the Lie superalgebra in case Y = V-' and Z = with j, k = 
1, • • • , rn + 2n, 

F(V^'|V'=) = = ([i^, V^'llV'^') + (-1)I^'W(VJ'|[F, V'^]). 

For a homogeneous vector field = Y."!^^'' F^\/i of degree |i^|, the relation [F,\/^] = -(-1)I^I[j1 X); (i^^V; 
shows this condition is equivalent with 

yj^i^'^) -l_ (_l)([il+W)l-'^l(_l)b1Wv''(i^^) = 0. 

This leads to 

(V^V^i^*^) = -(-i)([-J']+W)l-P'l(_i)[-J']['''l+WW(V'^V*F-'). 

Applying this consecutively for (i, j, k), {k, i, j) and (j, /c, i) yields (V'V^i^'^) — —{\7^\7^F''). This implies 
that the functions F^ are polynomials of maximal degree I. Taking the functions F^ constant leads 
to the partial derivatives dxi- When the functions F^ are elements of the vectorspace Vi — C{Xj\j = 
1, • • • , m+2n}, the Killing vector field is of the form F = J2ki ^kF^^'^i for F^^ g C, where the coefficients 
satisfy 

(_l)b]^ifc _l_ (_l)(b]+[fc])l^'l(_l)[i]W(_l)[fe]_p'^j ^ 0, 

which can be reduced to 

pjk ^ (^_i\^b][k] pkj _ Q 

These derivatives corresponds to the realization of osp(m|2n) in Equation It is straightforward to 
calculate that these F also satisfy the relation F{Y\Z) = {[F,Y]\Z) + (-l)l^ll'^l (r| [F, Z]) for general 
vector fields Y and Z. □ 

4 The supersphere integral 

The object of the supersphere manifold is related to the equation i?^ = 1 on R™l^". In this paper we will 
not need the supersphere manifold explicitly, only the algebra of functions. The algebra of functions on 
the supersphere is given by ©(R™!^")/ [B? — 1) with {R^ — 1) the ideal generated by the function R^ — 1. 
The supersphere integral therefore has to be a functional on this function space, which is equivalent with 
a functional on ©(R™'^") such that the ideal (i?^ — 1) is in the kernel. In the following theorem we prove 
the uniqueness of the supersphere integration for functions on R™l^", thus solving problem P3. This 
gives a natural generalization of the characterization of the integral over the unit sphere in Subsection 
12.11 Contrary to Theorem 12.21 we consider the functional on general smooth functions instead of on 
polynomials. When restricted to polynomials the integration will be identical to the Pizzetti formula in 
Theorem [2Jl 

Theorem 4.1. When m ^ 0, the only (up to a multiplicative constant) linear functional T : ©(R™'^") — > 
C, satisfying the properties 
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. T[i?2/] = T[f], 

• T is 05p{m\2n) -invariant, 



is given by 



>-i Jb 



l2\- 



with the superalgehra morphism given by (j)^ : C°°{W^) ® A2„ ^ C°^{K^) ® A2„ (with M™ = K™\{0}; 



3=0 



Proo/. If = then </>»(/) = (r^ - l)/?. for some h e 0(R"'^"). The morphism is invertible, 

=E;=of(^^0^'- Therefore 

'I 



f 



and T[f] = 0. This imphes that T[f] only depends on [<i>Kl)\r=r 
Since T is also so(m) © sp(2n)-invariant T[/] must be of the form 



T[f] 



-1 Jb 



for 0(6*^) some polynomial in 9'^, since JgO^^- for « = I,-- - ,n are the only sp(2n)-invariant linear 
functionals on A2n . Now we demand that 



T o L, 







holds for Lij the odd osp(m|2n)-generators in equation (|8]). The subsequent Lemma [4.11 implies 



oL 



\/ 1 2^^'^ + V -'^ ~-:r-"r - a;, — a 



j,2 2r 



1- ^ 



1-^ 



6*2 



Applying this for L 



l,m+2 



~2xidx\ — X2dxi in the obtained expression for T and using Jg dx\ — yields 



m+2 • 



2^1 / a{0^) 



62 



Xl 

-1 Jb 



612 



X2a{9^) 



02 
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Since dr is invertible, the relation 



TO — 1 



X2 



must hold in order for the operator above to be identically zero. A straightforward calculation shows 
that this uniquely determines a(0^) to be {1 — 0^)^~^ up to a multiplicative constant. It is clear that 



this T will also be zero when composed with the other S osp(TO|2n)i. 



□ 



When the supersphere integral is restricted to polynomials, we re-obtain the Pizzetti formula from 
Theorem l2.2[ as has been proved in [8]. 

Now we derive the properties of the morphism 0" used in the proof of Theorem 14.11 



Lemma 4.1. The morphism • 
and derivatives as 



) (g) A2„ behaves with respect to the coordinates 



02 



1 - — 



1- ^ 



with Jij given in equation ([2|. 



Proof. Since (j)^ is a superalgebra morphism, <j)^{Xjf{xj) = (j)^{Xj)(j)^{f{x)) holds. The calculation of the 



expressions (f>'^(xj) and 



are straightforward. To calculate the third property we use the fact that 



9^2 and Lij for 1 < i, j < m commute with (p^ and the first property in the lemma, leading to 



1=1 



1 = 1 



1 



1 - — <; 



Q2 



The last property follows from a straightforward calculation. 



□ 



5 Polynomials on the supersphere 



5.1 Polynomials on super Euclidean space and on the supersphere 

The polynomials on IR™!^" form a gl(TO|2n)-module, the action of gl(TO|2ri) is given by the differential 
operators Xidx, for i, j — \ ■ ■ ■ ,m + 2n. The decomposition V = ®fe^o decomposition of the 
polynomials on R™!^" into irreducible pieces under the action of 0l(TO|2ri), where Vk is the representation 
with highest weight (fc,0, • • • ,0). The TO|2ri-dimensional super vectorspace V = Vi is also the natural 
representation space for g[(TO|2ri), in fact g[(m|2n) ^ End(F). Thus we obtain that S(V)k = Q'^V IS an 
irreducible g 1(to 1 27T,)-representation. 

In what follows we prove the corresponding results for osp(TO|2n). So on the one hand we decompose 
Vk == S{V)k = q''V into irreducible osp(TO|2n)-representations and on the other hand we study the poly- 
nomials on the supersphere S'"-!!^" osp(m|2n)-representation. If m — 2n ^ — 2N, the polynomials 
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on the supersphere S™ '^l^" can be identified with the harmonic polynomials on R"*!^". This immediately 
follows from the Fischer decomposition (jj]) and the fact that the functions on the supersphere correspond 
to 0(M™|2")/(i?2 _ 1)^ with - 1) the ideal generated by the function R'^ - 1. 

The action of osp(m|2n) on polynomials is given by the expressions in Equation ([5]). Since the Lij 
commute with E and V^, the spaces Hk are osp(TO|2ri)-representations. In Appendix A of [28] the 
irreducibility of Hk as an osp(m|2n)-representation was proved for M — m — 2n > 1. Some very specific 
examples were also proved in Proposition 3.1 in [5]. In the next section we will generalize this result to 
all M ^ -2N, which implies that 

oo 

is the decomposition of H (or the polynomials on the supersphere) into irreducible blocks under the 
action of osp(m|2n). This will also solve problem PI and complete the interpretation of the Fischer 
decomposition (U). We will also consider the case M e — 2N which leads to unexpected and interesting 
results. 

The supersphere integration in Theorem 14.11 or Theorem 12.21 also generates a superhermitian form 
(•|-)sm-i|2n on each space Hk, (or on H), by defining 

(/l5)s™-ii2" = / fg- 

JSm-l|2,i 

This implies (/|5)§™-i|2n = (— 1)'-^"^' (.g|/)sn.-i|2,i , for / and g homogeneous. 

The representation of osp(r7i|27i) on H is an orthosymplectic representation (see definition in [2 7) ) 
with respect to this hermitian form. For f,g (z Hk with / homogeneous, 

(L.,/|g)s„-i|2„ = / L„- ifg) - (-1)(W+M)I/I / fL^^g 

Jg™-l|2„ 7g™-l|2„ 

= -(-l)(W+[^l)l/l(/|L.,ff)s™-M-. 

Remark 5.1. All the results on representations of the orthosymplectic Lie superalgebra in this paper 
can be extended to the orthosymplectic Lie supergroup. This is done most elegantly in the approach 
using supergroup pairs, the Lie supergroup OSp{m\2n) then corresponds to the supergroup pair (0{m) x 
Sp{2n),osp(rn\2n)). More information on the definition of representations of such supergroup pairs is 
given in J^. The Lie supergroup OSp{m\2n) can he introduced as the supergroup of isometrics o/R'"'^" 
that stabilize the origin, according to the definition in 117^ ■ 

5.2 The ?/fc-representations 

The main result of this subsection is given in the following theorem. 

Theorem 5.1. When M — m^2n ^ — 2N, the space Hk of spherical harmonics on K™'^" of homogeneous 
degree k is an irreducible osp{m\2n) -module. When M G — 2N, Hk is irreducible if and only if 

M 

k>2~M or k<2 . 

2 

The representation Hk is always indecomposable. 

The highest weights of the irreducible representations are given in equations (fT3| and (fT4|) , the com- 
position series for the reducible but indecomposable modules is given in Theorem 16. II The remainder of 
this subsection is devoted to proving Theorem 15. II This solves problem PI. 

Remark 5.2. Contrary to finite dimensional Lie algebras, finite dimensional Lie superalgebras do not 
possess the property that every finite dimensional representation is completely reducible. The representa- 
tions Hk for M S — 2N and 2— ^ < k < 2 — M are examples of representations of osp(m|2n) which are 
indecomposable but not irreducible, hence not completely reducible. 
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First we need the following technical lemma. 
Lemma 5.1. The functions introduced in Lemma \2.2\ satisfu the relation 

Li^2j-l+mfk,p,q = 2fc ^— +]3 + g + fc - 1^ /fc_l,p+l,q+l f2j_l 

for i < m and j < n and Lu defined in Equation ([8]) . 

Proof. This expression follows from a direct calculation. Since Li^2j-i+m = {^Xid^^j ~ ^2j-idxi) , the 
relation 

r f _ 2rr V ^' (n - g - .)! ^ + P + k) ^ 

'^(fc-s-l)!s!r(f+p + fc-.s) {n-q-ky. 

M 

= 2A;(— +p + q + k- l)a;jf2i-i/fc-i,p+i,g+i 
holds, which proves the lemma. □ 



The decomposition of Tik in Theorem 12.11 can be represented by the following diagram, where we use 
the notation {l,k — 2l — j,j) o fi,k-2i-j,j'H\-2i-j®'^^j fo'^ the irreducible so(m)0sp(2n)-representations. 

(0,/c,0) (0,fc-l,l) (0,fc-2,2) (0,fc-3,3) 

f(i) 

(l,fc-2,0)i^(l,fc-3,l)-^(l,fc-4,2) 
(4)1 

(2,fc-4,0) (2,fc-5,l) 

The arrows represent the actions of the elements of W(osp(m|2n)) constructed in the following lemma, 
where we will use the notation {l,p,q) o fi.p,qT-LpT-L^ again. It is important for the sequel to note that 
the decomposition above is finite, which is clear from the fact that Hk is finite dimensional. 

Lemma 5.2. Consider the spherical harmonics on R™!^" with m ^ =^ n. For j = 1, ■ ■ • ,4, there 
are spherical harmonics Cj G {l,p,q) ^ (so I + q < n and p < 1 when m — 1) and elements Uj G 
L{{o5p{m\2n)) such that UjCj is non-zero and 

M 

uiei e (/- l,p+l,(7 + l) if p + q + l^l- 

U2e2 & {l,p + l,q — I), Uses e {l,p — l,q + 1) and U4e4 G + l,p - 1, q - 1) 
if the resulting subspace of spherical harmonics is non-zero. 

Proof. The Laplace-Beltrami operators A.LB,b and ^lbj are quadratic Casimir operators of respectively 
so(m) and 5p{2n)^ see Equation (|10l) for the limit cases n = and m = 0. In particular they are elements 
oiU{osp{m\2n)). This means the projection operators in Equation ([7]) are elements of Z//(osp(m|2n)). 

First, consider, for q < n, a spherical harmonic e Ti^ which does not contain xi or X2. This exists 
since it can be taken as a spherical harmonic of degree q in the Grassmann algebra A2n-2 generated by 
the {xj,j > 2} (and q < n ~ 1). This also implies that xiiJ^ e and is different from zero. Next, 

consider a spherical harmonic e Hp (with p < 1 when m = 1). Define -ffp+i G Hp^i by 

rb _ ^ zjb 



Hp^, = x,Hp^^-^-—^dx,Hp 
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Lemma 15.11 then implies 

I M 

P' 2 -'^ ^ 
- fl..p.,qda;,HpX\H^. 

The sum of the last two lines is of the form g{r^ ,6^)dxiHpXiH;^ and is an element of 'H2i+p+q since 
the left-hand and right-hand side of the first line are. Lemma [2.21 then yields g{r'^,d'^) ~ Mfi,p-i.q+i 
for some Ai G M, with Ai 7^ since otherwise /j,p,g = mod r^. The identity ^^L^^ + p + q + 

i,p+i,q+i — fi.,p,q — ^ifi,p-i,q+i ^Iso follows from a direct calculation, showing that Ai — 
~(1 ^ — I )■ Summarizing, we obtain 

p-r 2 

L,^i+m{kp,qHlHl) = 2l{^+p + q + l-l)fi_,,p+,^,+,H'^^,x\Hf 
+ Xifi,p-uq+i{d^,H'p){x\H^) 

for some Ai ^ 0. Using this we can prove the arrows (1) and (3). Both arrows start from spaces with 
q < n since otherwise = 0. 

(1): Take and as defined above and assume xiH^ ^ ^dx^Hp. This is always possible, the 
only non-trivial case is if to = 1, but then p has to be zero since otherwise H^+i = 0. The previous 
calculations then imply 

^f-U^+l {LlA+rnfLp,qH'pH^) = 2/(^ +p + q + l- l)/,_i.p+i^,+ iHp%,f iff/ 

e fi-i,p+i,q+i'Hp^i ^Hg^i 

which is different from zero since I > (otherwise /;_i_p+i_g+i H^p+i ® H^+i = 0) and since we assumed 
p + q + l^l — ^foT this arrow. 

(3): Take again and as defined above but now assume dx^Hp 7^ (which is always possible 
since p > for this arrow). We then obtain 

QlZ^' {L^,i+mfi,p,qH'pHf) = \,fi,p^^^,+^{dx,Hl){AHf) 

G fl,p-l,q+yHp_i®'Hqj^l, 

which is different from zero. 

The arrows (2) and (4) can be proved similarly. Consider for 1 < g < n a spherical harmonic 
T-Lq-i G "Wq-i which does not contain xi or X2 (and therefore X2H^_^ G ^{)) define ^fg+i G (not 
necessarily different from zero) by 



Then we calculate 



il.H-m (^fl,p,qHpX2H^_^^ = ^^'■"y +P+ q + l- l)fl-l,p+l,q+lXiHpX\X2H^_j^ 

+ 2fi,p,,xiH'pH^^_, - fi,p,qdx^H'pX\x2H^_,. 



This leads to 

Ql!q 



2l+P+q lL^^j^^fip^^HpX2Hj^_A — A2/i,p+l,q_l-ffp+ii?q_i G fLp+i,q-i'^p+i'^i-i- 
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with \2fi,p+i,q-i = ^fi,p,q'- q_n_i i^+P + q + l-'^)9'^fi-ijp+i,q+i with A2 7^ since otherwise /;,p,, 
mod 9^. 

The calculation above also implies 

fpal+p+q 



l+hq-1 [LlA+ni fl,p,qHpX2H^_^ 



with 



— ^3fi+i,p-i,q-iidxiHp)H^_^ e //+i,p-i,<j-iHp-i'H^_i, 



A3/; + l,p-l,g-l — 7 —f^ -T7 -rfl-l,p+l,q+ld r H — -fl,p,q Tfl.p.q- 

Again, A3 7^ 0, since otherwise r^fi.p.q = mod 6^. This implies arrows (2) and (4) by identifying 

62 = Q^'g^lY' O il,l+m and 64 = ° ^1,1+m- □ 

Remark 5.3. A finite dimensional representation V of a Lie superalgebra q is irreducible if and only if 
for any two vectors u,v €V with u ^ 0, there is an element X in the universal enveloping algebra U{g) 
such that Xu ~ v. If a finite dimensional representation V of a Lie superalgebra q has one vector u 
such that for each vector v there is an element X Cz U{g) that satisfies Xu = v the representation is 
indecomposable. 



Now we are ready to prove Theorem l5.ll 

Proof For M G -2N, the 3(2 relations for V^, i?^ and E + ^, see © (or Lemma 3 in [13]), imply that 
for 2 - < fc < 2 - M 

R'^+^'-^n^-M-k C Hfc. (12) 

The fact that Ai?^'^+^^~^'H2-M-fc = can also be obtained from equation © since Alb commutes 
with R^. Equation (|12p defines a non-trivial submodule (since dim'H2-_Af-fc < dirnHfe) which proves the 
reducibility for2-^<fc<2-M. 

We prove the rest of the theorem using Remark 15.31 First we assume m ^ 1 and take one fixed 

G H'l C Hk- We prove that for every element of the form 



fl,k-2l-]H^-2l-jfij £ fl:k-2l-j'H\_2l-j ®'H 



f 



there is an elements X € U{osp{m\2n)) for which XH^ = u. Since T-L\. is an irreducible so(to)- 
representation there is an element Xi E U{5o{m)) such that XiH^ is an element in "H^. for which there 
is an element X2 of U{o5p{m\2n)) determined in Lemma (arrow (3)) such that 

X2X^Hl = Hl_^H{enl_^®n{. 

This procedure can be repeated until wc find an X' e U{o5p{m\2n)) and an Hl_^H^ e Ul^^ (E) such 
that 

X'Hi ^ Hl_^Hl 

By the same arguments and by using arrow (4) in Lemma [5.21 we find an X G U{o5p{m\2n)) such that 

XH^, = u. This shows the representation is always indecomposable. 

For the cases M ^ -2N or M £ -2N and k not in the interval [2 - ^, 2 - M], we consider fi^p^qU^ ® 
C Hk, so k = 21 + p + q. If M ^ -2N, p + q + l + ^- lis never zero. If M € -2N and the relation 

p + q + l — 1 — ^ would hold, this would imply that, since I > and p + q> 0, 

M 

k = 2l+p + q>2- — and k = 2l+p + q<2-M 
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hold. Therefore the arrows in Lemma 15.21 wiU always exist for AI <^ — 2N and for M G — 2N with 
A: ^ [2 - f - , 2 - M] . Therefore we can prove that for every such u there is an element Y ^U{g) such that 
Yu — holds, by using arrows (1) and (2) similarly as (3) and (4) before. This yields the irreducibility 
for those cases. 

Now consider the case m = 1, when k < n. Taking into account that Hp = when p > 1, the 
decomposition diagram above Lemma 15.21 looks like 

(0,l,fc-l)-^^^^ (0,fc,0) 

(4)t 

(l,0,fc-2) 

(L|J-i,i,Kfc) + i)-(L|J-i,o,Kfc) + 2) 

(4)t 

[(^,1,0)] . (L|J,o,Kfc)) 

where i^(fc) is equal to if fc is even and equal to 1 if fc is odd. The last part is between square brackets 
since it only exists if k is odd. From this diagram it is immediately clear that Hk will be irreducible. The 
case n < k < 2n + 1 can be treated similarly. □ 

Remark 5.4. The proof above shows that Hk (for all values of k and m\2n) always corresponds to the 
quotient of a Verma module. 

Since A^s is the quadratic Casimir operator of osp(m|2n) (see equation PH]) ). vectors with a different 
eigenvalue can never be in the same indecomposable representation. The form of the Laplace-Beltrami 
operator ([9|) shows that B?'^'Hk-2p C T-Lk is therefore only possible if 

(fc-2p)(M-2 + fc-2p) k{M-2 + k) 

or p — k — 1 + M/2. Combining this with equation (fT2|) shows that every possibility R^^Hk-2p C Hk 
allowed by the Laplace-Beltrami operator appears. 

We introduce the notation x^'^" for the unique irreducible osp(m|2n)-module with highest weight A, 
see e.g. [20], even though we will not always use the distinguished root system of [20]. The irreducible 
sl2-modulc with lowest weight j is denoted by L^^\ 

5.3 The case m = 1 

For the simple root system of osp(l|2?T,) we choose the standard simple root system of sp(2n). This 
corresponds to the distinguished root system in [20] . The only non-zero spaces of spherical harmonics are 
7ik for fc < 2n + 1, which follows from Theorem 12. II since Hp = for p > 1. If fc < n, the highest weight 

vector of Hk for osp(l|2n) is the highest weight vector of hI for sp(2n). For k > n (and fc < 2n + 1), the 
highest weight vector is the highest weight vector of 

fk-7i-l,l,27i-k+l Xi H2n-k+l 

for sp(2?T,). This can be seen from the fact that (fc — n — 1, 2n — fc -I- 1) is the unique pair {j, I) subject to 
j + I < n and 2j -|- / = fc or 2j -|- Z -|- 1 = fc for which / is maximal. This implies that the highest weight 
of Hk is (1, • • • , 1, 0, • • • ,0) where the integer 1 is repeated fc times for fc < n and 2ri — fc -I- 1 times for 
k > n. Hence, we obtain 

'^'^ ~ ^(v",i,Or--,o) (13) 

with lJI^.". ^ Q ... the irreducible osp(l|2n) representation with highest weight (1, • • • , 1, 0, • • • ,0), where 
the integer 1 has to be repeated as described above. The highest weight of Hk in the standard notation 
corresponds to (5i -I- + • • • + (^A; if ^ ^ smd 5i + 62 + ■ ■ ■ + S2n-k+i ii k > n. 
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For the polynomials on the supersphere this implies 



2ri+l n 2n+l 

k=0 fe=0 fc=n+l 

The previous results also determine the representation S{V)k = q'^V of supersymmetric tensors of 
degree k for the natural module V for osp(l|2n). This representation can be identified with Vk- For 
convenience we consider the cases k even and odd separately. The Fischer decomposition (U) and the fact 
that Hk = for fc > 2n + 1 imply 

miii(n,p) 

S{V)2p^V2p - R^P-^m2j 

3=0 

min( [.jj ,p) min(n,p) 

j=o i=LfJ+i 

and 

min(n,p) 

min([i^J,p) min(n,p) 

Finally, decomposition Q also leads to the following conclusion. Under the joint action of 5(2 x 
osp(l|2n), the space V = S{V) is isomorphic to the multiplicity free irreducible direct sum decomposition 

n 2n+l 
fe=0 fc=n+l 

5.4 The case m — 2n ^ — 2N with m > 1 

The simple root system of osp(r7i|2n) as chosen in 28 is used. This differs from the standard simple root 
system (see e.g. [16]) except for osp(2|2n), but is more appropriate for the type of representations we 
will study. The positive odd roots are Cj + Si , Si (in case m is odd) and Cj — Si (instead of Si — Cj as in 
[inilSD])- The connection with the standard root system will be made in Remark 1 6. II 

The highest weight vector of T-Lk for osp(r7i|27i) is therefore the highest weight vector of "H^. for so(m), 
which has weight (fc,0, • • • ,0), where is repeated [to/2J — 1 times. This leads to the highest weight 
(fc, 0, • • • , 0) for Hk as an osp(m|2n)-representation, where is repeated [m/2j + n — 1 times. Theorem 
15.11 therefore implies 

^ L^t.,y (14) 

or the highest weight of Hk is kti. A similar reasoning as in the previous section yields 

00 00 
n -t^Hk -Kjy^(k,o, 

k=0 

for the polynomials on the supersphere and 



^{k,0,--- ,0) 
k=0 k=0 



LlJ [k/2i 

s{v)k^Vk = ®R''nk-2,^@Ll%l,^,„^,, 

j=0 3=0 
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for V the TO|2ri-dimensional super vectorspace and S{V) the supersymmetric tensor powers. Finally, 
under the joint action of 5(2 x osp{m\2n), the space V — S{V) is isomorphic to the multiplicity free 
irreducible direct sum decomposition 

00 

k=0 

The decomposition also satisfies the property that for each distinct representation of sl2 there corresponds 
exactly one irreducible representation of osp(m|2n), which is required for Howe dual pairs. 

5.5 The case m - 2n e -2N 

In case to — 2n e —2N there is no Fischer decomposition as in Lemma 12.11 This also implies that 
the spaces of spherical harmonics T-L = ®kLol^k do not necessarily correspond to the polynomials on 
the supersphere. The spaces which do correspond to the polynomials on the supersphere are given by 
Vk/ {R?'Pk-2)- These spaces also form osp(TO|2ri)-modules, since osp(TO|2ri) commutes with R^. 

Theorem 5.2. Consider the polynomials on V = ^kLo'Pk on R™!^" and the spaces Vkl {R^'Pk-2) of 
polynomials on the supersphere §™-i|2n^ y/jg 05p[m\2n) -representation Vk/ {R^'Pk-2) "is always indecom- 
posable. It is isomorphic to Hk when Hk is irreducible. When "Hk is reducible, so is Vk/ {R^Vk-2), but 
then Vk/iR^Vk-2)9^Hk. 

Proof. The theorem is trivial for M <^ — 2N, so we focus on M E — 2N. First we consider the cases 
k > 2 ~ M or k <2 — Since then T-Lk H R^Vk-2 = (Lemma 5.6 in [TU] or a direct consequence of 
the irreducibility of T-Lk) and dini^fc — dim {Vk/ {R^Vk-2)) , see formula ([5]), it follows immediately that 
Vk/iR^Vk-2) = Hk. 

In case 2 — -^<fc<2 — M, the subrepresentation of Vk/ {R^Vk~2) generated by Tik C Vk is a proper 
subrepresentation since T-Lk H R^Vk-2 is not zero, see equation (|12l) . Therefore, when Hk is reducible, so 
is Vk/ {R^Vk-2)- It also follows that Vk/ {R^Vk-2) is not the quotient of a Verma module, because there 
is a submodule which contains the highest weight vector. This implies Vk/ {R^Vk-2) ^ T~Lk- 

We may decompose Vk/ {R^Vk-2) into irreducible so(to) sp(2n)-representations by a similar proce- 
dure as applied to T-Lk in Theorem 12. II This yields 

Vk/{R^Vk-2) = ^[e''nl_^^^i®nl + R^Vk-2). 

which is a consequence of the purely bosonic and fermionic Fischer decompositions in Lemma l2.1l Again 
we can construct four arrows from which it will follow that Vk/ {R^Vk-2) is indecomposable. The proce- 
dure is identical to the proof of Theorem 15. 11 but the calculations are simpler. □ 

5.6 The Cartan product 

One of the results in |15) is that for V a finite dimensional irreducible s[(n)-module, the property 

holds, for the irreducible representation inside with highest weight known as the Cartan 

product. In |llj it will be proved that this property can be extended to arbitrary semisimple Lie algebras, 
and osp(2|2n). In the case of other Lie superalgebras tensor products of simple modules are not 
always semisimple and the Cartan product not always defined. The results in this Section show that 
another relation holds for the natural representation of O0p(TO|2n). The proposed property is 

for Vj^ the highest weight vector of the representation V and the Lie superalgebra. It follows from the 
identification of traceless symmetric tensor with spherical harmonics and the results in this section that 
this equation holds in case V — C™'^" and — osp(TO|2n). In [11] this conjecture will be discussed for 
other cases. 
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5.7 The algebras osp(4n|2m) and osp{4n + l\2m) 

In the theory of Howe dual pairs the two dual algebras are each other's centralizers inside a bigger algebra, 
such that the relevant representation (which has a multiplicity free decomposition into irreducible pieces 
under the action of the dual pair) constitutes an irreducible representation of the big algebra. 

For the Fischer decomposition of polynomials on R™ this is so(to) x 5(2 C sp(2m). The polynomials 
]R[a;i, • • • , Xm] decompose into two irreducible sp(2TO)-representations, corresponding to the even and odd 
polynomials. Thus there are two non-isomorphic representations corresponding to the Howe dual pair 
sp(2m) D so(m) x SI2. To obtain the polynomials as one irreducible representation, sp{2m) needs to be 
embedded inside the superalgebra osp(l|2m). In this subsection we obtain the corresponding results for 
5I2 X 05p{m\2n). 

Theorem 5.3. The Lie superalgebra spanned by the differential operators 



X,X,{-1)^™>\ dx^dxA-l)^™>'' and X.dxA-lY 



2 

where the generators Xi(—1)^^^^^'^^^ and dxii—^)'^^^^^^^^ have gradation 1 — [i], is isomorphic to osp(4n + 
l|2m). If the operators XA-l)'-^-'^^^^ anrf (-1)^^"^'!^'^ are removed and only the quadratic elements 
are used the Lie superalgebra osp(4n|2m) is obtained. With respect to these realizations, the space of 
polynomials on R™!^" satisfies 

V = L^"'''"'^'^™ 1 1, where 1/2 is repeated 2n times and —1/2 is repeated m times 



^4n|2m ^ i-4n|2m 

l2^'"'2' 2-'"' 2} V2''"'2^ 2''"' 2' 2/ 



where the first irreducible representation corresponds to the polynomials of even homogeneous degrees and 
the second to those of odd degrees. 

Proof. Adding the operator (— to the variables changes them so that the Pj — Xi{—lY^~^^^^^ 
satisfy the relation 

P,P^ = (_1)W+[J]+H[j]p^.p^ = _(_l)(i-W)(i-b1)p^./.^^ 

which implies that the commuting and ant i- commuting variables now mutually anti-commute. In fact, 
with the gradation where Pi corresponds to |Pj| = 1 — we now have a super anti-commutative algebra, 
since PiPj = — ( — l)l^'ll^jlPjP'i. This then equals the oscillator realization of the orthosymplectic Lie 
superalgebra, see Chapter 29 in 16 and equals to the super spinor or super nietaplectic realizations in 

m- ' ' □ 

The realization of s[2 as differential operators on V is clearly embedded in this realization of osp(4n-|- 
l|2m) and osp(4n|2TO). Instead of the osp(m|2rt)-action of before in equation ([8]) we obtain 

(x,ax. - {~l)^^^'^Xjdx') (-l)(H+[^'l'^ = L„(-l)(H+[^D^ e osp(4n|2m) C osp(4n + l|2m). 

Since E and Lij commute these operators satisfy the same commutation relations as Lij and thus generate 
osp(m|2n). It is clear that this representation of osp(m|2n) on V has the exact same properties as the 
one we studied before. 

So we have obtained the bigger algebra in which osp(m|2n) and sb are embedded 

osp(m|2n) X sb C osp(4n + 1|2to), 

for which V is an irreducible representation. 

When considering the Lie superalgebra osp(4n|2m) we obtain 

osp(4n|2TO) D osp(r7i|2n) x sl2 as a generalization of sp(2m) D so(to) x sl2, 

where, osp(m|2n) and are each other's centralizers inside osp(4?i|2m), see [21]. All obtained informa- 
tion on this Howe duality is summarized in the following theorem. 
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Theorem 5.4. Two non-isomorphic realizations for the Howe duality osp(4n|2m) D SI2 x osp(m|2n) are 
given by 



j-4n\2m 2jTm\2n ^ /TN r(2fc+Af/2) ^ j- m\2n 

■^(1,...,! _i) - tF^ -^(l,0.-,0) - ^ ^{2k,0,---,0) 

j=a k=o 



00 



7-4n|2m ^ /^D, 2i+l r ni|2n ^ /TN r f2fc+l + Af /2) ^ ^m|2n 

-1 -1) - tF^ -^(l,0,-,0) - VF-^ '^^(2fc+l,0,---,0)' 
j=0 fc=0 

ifm-2n^ -2N. 

The Howe duality breaks down in case m — 2n E — 2N, but as mentioned before still holds in the 
case m = 0. Then we obtain the classical Howe duality sp{2n) x SI2 C so(4ri), so the Howe dual pair 
osp(m|2n) x 5(2 C osp(4n|2rn) is also a generalization of this classical case. 

6 The representations I/j^'o .. q) 

In case m = 1, the representation Hk — 1 ... 0) typical since all osp(l|2n)-representations are, 

see I20| . Their dimension and decomposition with respect to the underlying Lie algebra is therefore 
well-known, see e.g. 1 16J . In case m > 1 the representation .^^'g".. p) always atypical except for m = 2 
and k = 71 or k > 2n. This can be concluded from the atypicality conditions in Chapter 36 of [16^ by 
using the highest weight in the distinguished root system. 

Remark 6.1. In the distinguished positive root system (see e.g. Udf ). the highest weight of the repre- 
sentation Hk would be given by 

^1 H 1- 3nunik,n) + (k - mm{k, n))ei 

instead of kei. This shows it is more elegant to use the choice of positive roots made in I28f for this kind 
of representations. 

In this section we will assume m > 1 and obtain information on the representations L^^'^ based 
on the results on spherical harmonics in Section [S] First of all we need to realize the representations 
L^'p" by taking the appropriate quotient of Hk in case M G — 2N and 2— ^<k<2 — M. Since 

the representations ^"^'q".. are atypical, their dimensions do not follow from the standard formula 
and their decompositions as so(m) ® sp(2n)-representations are not known, they are obtained from the 
following theorem. 



Theorem 6.1. If M = m-2n e -2N and2-^ < k < 2-M, the space i?^''+*^"^'H2-M-fc is irreducible 



M 
2 

and is the maximal osp {m\2n)-submodule ofHk- This implies that in that case, 

R^Vk-2nHk - R^''+^'-^H2-M-k (15) 
holds. Then, for every (m^n, k) £ N"^ with m > 1, the relation 

<o".,o) - nkl{nknR^Vk-2) 

holds for i(2'o".. 0) simple 05p{m\2n) -module with highest weight (fc, 0, • • • , 0) and Hk the spherical 
harmonics on R'"!^"' of homogeneous degree k. 
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The decomposition into irreducible representation of Ljl^'^J' under the action of so (m) ©sp(2n) if 
M ^ -2N or M = ~2p and fc ^ [2 + p, 2 + 2p] is given by 

min(n,fe) min(n-j, [-^^ J ) 

3=0 1=0 

inin(n,fe) min(n— j, [-^i^ J ,fe-p-2) 
j-m\2n ^ /Js ^ j-m\0 j-0\2n „x 

■^(fc,o,--- ,0) — \U VF {k-2i-],o,--- ,0) ^ -^ii-,o^_-) y^') 

j=0 1=0 



if M = -2p and k e [2 + 2 + 2p] . 



Proof. First we restrict to M e -2N and G [2 - ^, 2 - M]. As mentioned in Equation ([12]), then 
^2fc+Af-2^2_^^_^ is a submodule. Since the inequahty 2-M-fc<-^<2-^ holds, Theorem O 
imphes that -R^'^+^^~^'H2-a/-/c is an irreducible osp(TO|2n)-representation. 

The osp(m|2n)-submodule R^^^^^~'^'H2-M-k corresponds to all the so(to) © sp(2n)-submodules of 
T-Lk of the form 

with Z > fc + — 1. This follows from Equation (|12p and the unicity of /;,p,q in Lemma which implies 

p2fe+M-2 /• /• 

-n, Ji^2-k-M-2i-j,j ^ Jk+M.-iJ^i^2-k-M-2i~],j- 



Therefore, as an so(m) ® sp(2n)-representations the osp(m|2n)-subrepresentation i^2fc+A/ ^'Hj-AZ-fc in 
T^fe has a complement H^, 

Uk = E^'-^+^^-^^a-Ai-fceK, 

which is given by 

min(n,fc) min(n- j, J -^^ -2) 

K =0 kk-2l-,M-2l-,®'nl. 

]=0 1=0 

If there would exist a submodule larger than i?^'^+*^^^'H2-Af-fc, it would include one of the so(to) ® 
sp(2n)-modules in the decomposition of H'j. above. For the spaces in that decomposition arrow (1) in 
Lemma 15.21 always exists. Such a submodule would therefore include T-L\. (by using arrows (1) and (2) 
consecutively). From the proof of Theorem lS.ll it is clear that a submodule of T-Lk containing T-L\ is always 
equal to Hk for any value of (m, n, fc). 

The relation Lj^'^" = "Hfc/ {%k H R^Vk-2) for arbitrary k and M then follows immediately. 

The combination of Theorem 12.11 with the considerations above also yields the decomposition of 
L^'p" as anso(m) ® sp(2n)-representation. □ 

The dimensions of L^!q^... q) then immediately follow from Equation ((T5]) and the dimensions of the 
spaces Tik in Equation ([5|). In case M = m — 2n € — 2N and 2— ^ < k < 2 — M, the dimension of 
^(fc,o,-,o) IS given by 



min(fc,2n) /p. \ /, \ min(/i;— 2.2n) , . , 

m|2n f 2n\ / k — z ^ m — 1\ (2n\{k~i^m — 6 



dimi-'n" 0. = y p-.^».-r _ ^ 

i=0 \ / \ / i=o \ / \ 

miii( — A/— /c,2n) , s , , ^ miii(2 — A-/ — A:.2n) / ^ , , v 

/2n\ /2n - fc - i - 1\ ^ /S^A /2n - fc - i + 1^ 



^ i J \ m — 1 J ^-^ \ i J \ m — 1 

1=0 \ / \ / j^o 
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In the other cases Hk ^(fc'o"-- o) ^^'^ 

min(fc,2n) /„ ^ /, . , -, x min(fc-2,2n) /„ ^ /, . , „■ 

holds. 

In [2^ the representations ^"^'q".. were constructed as the Cartan product inside tensor products 
of the form ®^{L"(^i'^q^... q))- Here, the Cartan product corresponds to the traceless supersymmetric part, 
which can be identified with Vk/ {R^'Pk-2)- However as has been shown in Theorem l5.21 this construction 
only holds when m — 2n ^ — 2N, due to the lack of complete reducibility. This was overlooked in the 
formal approach in [2 were for instance the number m — 2n appears as a pole in Equation (4.21). The 
correct construction of i(^'o".. o) inside the supersymmetric tensor products of = Lj^'p" q-j is given in 
Theorem 16.11 

In [55] it was proved that ior AI — m~2n > 2 the following branching rule holds for osp(m— l|2n) ^ 
osp(m|2n): 

k 

^(fe'o" - 0) ^ -^(To ^'^ 0) as an osp(to — l|2n)-module. (18) 
/=o 

This can immediately be extended to m — 2n = 2, but not to the case m — 2n < 1 because of the 
appearance of not completely reducible representations. Using the insights developed in this paper it 
is now possible to calculate the branching rules for m — 2n < 1 as well. This is given in the following 
theorem where we obtain the branching rules for all the cases where ^j^'g".. o) ^ completely reducible 
osp(m — l|2n)-representation. 

Theorem 6.2. In case m — 2n > 1, or m — 2n e 1 — 2N with k < 2 + + n, or m — 2n e — 2N with 
k < 2 — Y + n or k > 2 — m + 2n, the branching rule 

k 

-^(fe'o" - 0) ^ -^(To ^'^0) as an 05p{m l\2n) -module, 
1=0 '' ' 

holds. In case m — 2n € —2N and 2— '^-^n<k<2~m-\- 2n, the branching rule 

k 

"^(A-'o"-- 0) ~ '^(To^'^o) as an 05p{m — l\2n) -module, 

l—3 — m-\-2n — k 

holds. In the other cases (m — 2rt G 1 — 2N with k >2 + + n), L^'^'q" is not completely reducible 
as an osp{m — l\2n) -representation. 

Proof. Since Vk ~ ffif=o-^i '^f' where V' denotes the space of polynomials on R™-i|2"^ obtain 

fe 

Vk/iR^Vk-i) = (^i7(-R?^/-2)) as an osp(m - l|2n)-module, for general M, 

1=0 

with R\ the generalized norm squared on R™-it2n^ /j2 _ x\ + R\. This leads to the following two 
conclusions based on Theorem 15. 1[ Theorem 16.11 and Theorem 15.21 



• If TO — 2n < 1 but m — 2n ^ — 2N, ij^'p".. q) not completely reducible as an osp(m — l|2n) 
representation if fc > 2 + Relation (HH) still holds if A: < 2 + 



20 



• If m — 2n G — 2N, the space Vk/ {R^'Pk-2) which is not necessarily completely reducible as an 
osp(TO|2n)-representation decomposes into irreducible obp(to— l|2n)-representations as 



Vul{R'Vk^2) = e^r/A'-'-'o)- (19) 

Therefore, Equation ^ stiU holds iffc<2-^orA:>2-M. 

This already proves all the results except the case to — 2n G — 2N and 2— ^+n<fc<2 — to + 2n. 
Theorem l6.1l and Equation imply that for that case 

/=o 

holds. This implies that 

■^(fc!o" -,o) - ©^(pa'^"o) as an osp(to - l|2n)-module, (20) 

with / C {0, • • • , fc}. We look at the decomposition of i(^'g".. into simple so(to) ® sp(2n)-modules. 
Equation p7|) implies that the sp(2n)-trivial the part of this decomposition is given by 

fc+f -2 

r"'|2n /T\ 7-™|0 

-^(fc,0,--- ,0) ^ VP (fe-2i,0,--- ,0)' 

since min(n, [|J , fc+^ — 2) = 2. Branched to so (to— 1) this gives 0j'^g^ ^ ©j=o' -^(1-21-^ ■■■ o)- 

Equation implies the sp(2n)-trivial part of -^"^^^.'.^"o) for p < A: is 

LfJ 

i-m — l|2n 1|0 
■'^(p.O,--- .0) ^ VF (p-2/,0,---,0) 
(=0 

since min(n, [|J ) — [|J ifp<A;<2 — m + 2rt. If Equation ([20)1 holds, the equation 

fc+f-2fe_2; LfJ 

VF (fe-2;-j,o,--,o) ^ VPVF (p-2/,o,--,o) 

must hold as well. It turns out that this equation is enough to determine /. We introduce the shorthand 
notation [q) — f^]^ In the left-hand side of Equation ([2T|) the module (j) appears 1+ [-^^J times for 
j > —k — M + 3. To obtain all these in the right-hand side of Equation (PT|) . {3 — M — k, ■ ■ ■ ,k}c / must 
hold. Since the module (j) appears fc + Af/2 — 1 times for j < — fc — A/ + 2 we find {3 — M—k, - ■ ■ ,k} = I, 
because otherwise there would be too many so(m — l)-modulcs in the right-hand side. □ 

In the statements above we assumed to 7^ 2 and to 7^ 1. The corresponding statements for those 
dimensions are straightforward. 
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